Recently, variable selection by penalized likelihood has attracted much research interest. In this paper, we propose adaptive Lasso quantile regression (BALQR) from a Bayesian perspective. The method extends the Bayesian Lasso quantile regression by allowing different penalization parameters for different regression coefficients. Inverse gamma prior distributions are placed on the penalty parameters. We treat the hyperparameters of the inverse gamma prior as unknowns and estimate them along with the other parameters. A Gibbs sampler is developed to simulate the parameters from the posterior distributions. Through simulation studies and analysis of a prostate cancer data set, we compare the performance of the BALQR method proposed with six existing Bayesian and non-Bayesian methods. The simulation studies and the prostate cancer data analysis indicate that the BALQR method performs well in comparision to the other approaches.
Introduction
Variable selection plays an important role in building a multiple regression model. In particular, the selection process provides a good tool for estimating the parameters, a good prediction as well as identification of significant variables (Griffin and Brown, 2010) . However, classical variable selection methods are often highly time consuming and maybe suffer from instability (Breiman, 1996) . Bayesian methods for subset selection implemented using stochastic search variable selection (SSVS) algorithms have become widely used in linear regression, generalized linear models and other modeling frameworks (Mitchell and Beauchamp, 1988; George and McCulloch, 1997; Fahrmeir, Kneib and Konrath, 2010) . However, SSVS is computationally very demanding when the number of variables is greater than 10,000 (Griffin and Brown, 2010) . Variable selection by penalized likelihood has attracted much interest recently; see for example, Lasso (Tibshirani, 1996) , SCAD (Fan and Li, 2001) , LARS (Efron, Hastie, Johnstone and Tibshirani 2004) and adaptive Lasso (Zou, 2006) who extended the Lasso approach proposed by (Tibshirani, 1996) allowing different penalization parameters for different regression coefficients. Similarly, from a Bayesian point of view, Lasso-based models were proposed by Park and Casella (2008) , Hans (2009) ; Bayesian adaptive Lasso, iterative adaptive Lasso (Sun, Ibrahim and Zou, 2010) ; and global-local shrinkage approach (Polsen and Scott, 2011) .
Quantile regression models are rapidly gaining popularity, particularly in econometrics, social sciences, medicine and public health. A comprehensive account of these recent developments can be found in Koenker (2005) . Like standard mean regression models, dealing with parameter and model uncertainty as well as the updating of information is of great importance for quantile regression and its applications. Koenker (2004) developed an l 1 -regularization quantile regression method to shrink individual effects towards a common value. Additionally, Wang, Li and Jiang (2007) proposed the LAD-Lasso method which combines the idea of least absolute deviance (LAD) and Lasso for robust regression shrinkage and selection. Li and Zhu (2008) developed the solution path of the l 1 penalized quantile regression and Wu and Liu (2009) studied penalized quantile regression with the SCAD and the adaptive-Lasso penalties. Recently, Li, Xi and Lin (2010) proposed Bayesian regularization quantile regression approaches including Lasso (BQR.L), group Lasso and elastic net penalties (BQR.N).
With regards to Lasso regression, Zou (2006) proved that the adaptive Lasso regression enjoys oracle properties reported in Fan and Li (2001) and Fan and Peng (2004) that Lasso does not have, i.e., adaptive Lasso chooses the true model of nonzero coefficients with probability tending to one. Huang et al. (2008) showed that under a partial orthogonality condition in which the predictors with zero coefficients (unimportant predictors) are weakly correlated with the predictors with nonzero coefficients (important predictors), adaptive Lasso has the oracle property even when there are far more predictors than the sample size. However, in many real world applications, the unimportant predictors are often highly correlated with some important predictors (Sun, Ibrahim and Zou, 2010) . In this paper, we focus on one such application: prostate cancer data analysis. Prostate specific antigen (PSA) is a protein produced by cells and has been routinely used as a biomarker for screening prostate cancer.
Nowadays, significant effort is made in finding candidate predictors that relate to prostate cancer. Certain correlation is present between the predictors in the prostate cancer data set. For example, the correlation coefficient is 0.752 between Gleason score and percentage Gleason scores 4 or 5, 0.675 between cancer volume and capsular penetration, 0.673 between seminal vesicle invasion and capsular penetration, and so on. The correlation between the predictors is an argument to use the adaptive Lasso because the procedure deals with correlated predictors by using adaptive weights for the different predictors. It could be expected that the conditional mean function is inaccurate in representing the relationship between the predictors and the level of prostate specific antigen.
Therefore, we propose Bayesian adaptive Lasso quantile regression (BALQR). In particular, we extend the Bayesian Lasso quantile regression reported in Li, Xi and Lin (2010) by allowing different penalization parameters for different regression coefficients. Inverse gamma prior distributions are placed on the penalty parameters. Similar to Yi and Xu (2008) and Sun et al. (2010) , we treat the hyperparameters of the inverse gamma prior as unknowns and estimate them along with the other parameters. We present a Gibbs sampler for the BALQR that is based on a theoretic derivation of the skewed Laplace distribution as a scale mixture of normal distributions. Using both simulation studies and real data we compare the performance of the BALQR method with six existing Bayesian and non-Bayesian methods.
These methods encompass Bayesian regularized quantile regression with the Lasso penalty (BQR.L) and the elastic net penalty (BQR.N). Also, non-Bayesian methods including the Lasso (lasso), the elastic net (EN), the standard quantile regression (QR) and regularized quantile regression with Lasso penalty (QR-L) are used. Both our simulation studies and data analysis show that BALQR performs well and this method may be preferred over most existing methods it is compared against.
The rest of the paper is organized as follows. In Section 2, we present Bayesian quantile regression with adaptive Lasso penalty as well as an outline of the Gibbs sampler estimation procedure. In Section 3, we carry out simulation studies to examine the performance of the method proposed and in Section 4, we illustrate the performance of our method via analysis of the prostate cancer data set. We conclude with a brief conclusions in Section 5.
Methods

Quantile Regression
The simple linear quantile regression model is given by,
where {(x i , y i ), i = 1, 2, ..., n} is a sample of independent observations, y i is the response variable, x ′ i = (x i1 , x i2 , ..., x ik ) represents the k known predictors, β 0 is the intercept, β is a k × 1 vector of regression coefficients and ε i , i = 1, ..., n represent error terms. The distribution of the error is assumed as unknown, and for 0 < p < 1, it is restricted to have the pth quantile equal to zero. The pth quantile regression model takes the form
where Q y i (p|x i ) is the inverse cumulative distribution function of y i given x i evaluated at p. The regression coefficients can be estimated consistently as the solution to the following minimization problem
A possible parametric link between the minimization problem in (3) and maximum likelihood theory is given by the skewed Laplace distribution; see Koenker and Machado (1999) and Yu and Moyeed (2001) . The density function of a skewed Laplace distribution is given
where µ is the location parameter and σ is the scale parameter. 
The random variables z and ξ are mutually independent and follow an exponential distribution with mean (σ −1 ) and a standard normal distribution, respectively. This mixture representation allow us to express a quantile regression model as a normal regression model.
In addition, it provides an easy way to construct a Gibbs sampler as well as saving time in sampling the regression coefficients. Recently, this property appeared in papers by Li, Xi and Lin (2010) , Yue and Rue (2010) and to conduct Bayesian quantile regression via Gibbs sampler.
Quantile regression with Lasso penalty
Lasso quantile regression (Li and Zhu, 2008 ) is a regularization technique for simultaneous estimation and variable selection. The Lasso quantile regression (Li and Zhu, 2008) estimates are defined as
where λ is a nonnegative regularization parameter. The second term in (5) is the so-called l 1 penalty quantile regression that is crucial for the success of the Lasso method. As λ increases the Lasso continuously shrinks quantile regression coefficients towards zero.
Li, Xi and Lin (2010) employ a Laplace prior p(β j |σ, λ) = σλ/2 exp{−σλ|β j |} on β j , β j ∈ β and assumed that the residuals ε i come from the skewed Laplace distribution (4). Specifically, Laplace prior distributions are placed on the k regression coefficients.
In this paper, we extend this idea to Bayesian adaptive Lasso quantile regression (BALQR).
We put different penalization parameters on the different regression coefficients. Thus, we propose a Laplace prior on β j taking the form
which can be represented as a scale mixture of normals with an exponential mixing density (Andrews and Mallows, 1974) 
Let ν j = σ 1/2 /λ j . Then, the proposed prior can be written as
Then, we have
This motivates us to consider the class of inverse gamma priors on λ 2 j (not λ j ) of the form
where δ > 0 and τ > 0 are two hyperparameters. The posterior density function of λ 2 j , combining the prior (9) with (8), is inverse gamma with shape parameter 1 + δ and rate parameter σs j /2 + τ . The amount of shrinkage in the prior (9) depends on the values of the hyperparameters τ and δ (Yi and Xu, 2008) . Because smaller τ and larger δ lead to bigger penalization, it is important to treat τ and δ as unknown parameters to avoid enforcing specific values that affect the estimates of the regression coefficients (Yi and Xu, 2008 and Sun et al., 2010 ). This procedure is quite different from Bayesian Lasso quantile regression reported in Li, Xi and Lin (2010) . Bayesian adaptive Lasso quantile regression uses a Laplace prior for β j such that each β j has a Lasso-type of penalization parameter σ 1/2 /λ j , as in the adaptive Lasso. For the moment, the parameters σ and λ 2 j are considered to be known, however this assumption is relaxed later.
Bayesian Quantile regression with adaptive Lasso penalty
Bayesian Adaptive Lasso Quantile regression is a Bayesian hierarchical model given by
The posterior distribution of all parameters is given by
where y = (y 1 , ..., y n ), X = (x 1 , ..., x n ), z = (z 1 , ..., z n ) and s = (s 1 , ..., s k ). The expression (11) yields a tractable and efficient Gibbs sampler that works as follows:
1-Fix the value of p so that the pth quantile is modelled.
and s
. . , n, where
in the parameterization of inverse Gaussian density given by
see, e.g., Chhikara and Folks (1989) .
6-Simulate σ| · ∼ Gamma (a 1 , a 2 ), where
9-Simulate δ| ·: The conditional posterior distribution of δ is
Although the full conditional posterior distribution of δ does not have a closed form, it is log-concave. The adaptive rejection sampling algorithm (Gilks, 1992 ) is used to sample from this distribution.
Simulation studies
In this section, we compare our method with several Bayesian and non-Bayesian methods.
The Bayesian methods include Bayesian regularized quantile regression with Lasso penalty (BQR.L) and elastic net penalty (BQR.N) (Li, Xi and Lin, 2010) . The non-Bayesian methods include Lasso (lasso), elastic net (EN), quantile regression with Lasso penalty (QR-L) and standard quantile regression (QR).
i.i.d. random errors
The simulation setup is similar to the simulation studies 1, 2 and 3 in Li, Xi and Lin Simulation studies 1, 2, and 3 correspond to the sparse, dense and very sparse cases respectively. We have set up Simulation 4 as a sparse recovery problem in which k = 18 with most coefficients set to zero except β j = 5, j = 1, 2, 3. We fit the model using the generated data set and choose the penalty parameter in lasso (λ), EN (λ 1 and λ 2 ) and QR-L (λ) via an independent validation set. Note that the standard quantile regression (QR) is not a regularization method and the estimate of the penalty parameter is automatically in BALQR, BQR.L and BQR.EN. These methods do not need a validation set. Therefore, we estimate the β by using the validation sets as an additional data set. The rows of X follow a multivariate normal distribution N(0, Σ) with (Σ) ij = 0.5 |i−j| . In each simulation study, we consider the following six error distributions so that the pth quantile is 0:
1: The distribution of the error is a normal distribution: N(µ, 1).
2: The distribution of the error is a mixture of two normal distributions: 0.1N(µ, 1) + 0.9N(µ, 9).
3: The distribution of the error is a Laplace distribution: Laplace(µ, 1).
4: The distribution of the error is a mixture of two Laplace distributions: 0.1Laplace(µ, 1) + 0.9Laplace(µ, 3).
5: The distribution of the error is a t distribution with three degrees of freedom, t (3) .
6: The distribution of the error is χ 2 distribution with three degrees of freedom, χ 2 (3) .
For each simulation study and for each p ∈ (0.5, 0.75, 0.95), we run 150 simulations. In BALQR, the parameters a and b of the Gamma prior for σ are set to be 0.1. Since the true model is known, we can compute the median of mean absolute deviations (MMAD), that is,
, where the median is taken over the 150 simulations. when p = 0.75 and p = 0.95 the proposed method was significantly efficient than the other six methods. Secondly, from Table 1 we see that, in general, the proposed method performs This data generating process is often used in the context of variable selection (e.g. Wu and Liu, 2009; Li, Xi and Lin, 2010) . In this example, we generated five additional mutually independent standard normal noise variables, x 4 , ..., x 8 . The results are summarized in Table   2 and are based on 150 repetitions, each with sample size n = 100. 
Prostate cancer data analysis
In this section, we analyze a real dataset to demonstrate the performance of the method proposed. For our real data example we use the data on prostate cancer reported by Stamey et al. (1989) and analyzed by Tibshirani (1996) and Yuan and Lin (2005) , among others.
This data set consists of the medical records of 97 male patients who were about to receive a radical prostatectomy and is available in the "bayesQR" R-package . performs better than the other six methods. Also, the results show that the Bayesian lasso method has a poor performance when p = 0.50 and p = 0.95 due to the high pairwise correlations between some of variables. Thus, the proposed method attempts to remedy the shortcomings of Bayesian Lasso by using adaptive weights for different predictors. Figure 5 depicts the posterior estimates for the prostate cancer data set using different methods for p = 0.95. To increase the readibility of the plot, we add a slight horizontal shift to the estimators. We can see that our method gives very similar posterior mean estimates compared to the other Bayesian methods. However, more importantly, it can be observed that the credible intervals for our approach are narrower than the alternative Bayesian methods. Although the BALQR credible intervals are narrower, it is observed that the estimates of the other Bayesian methods still lie inside the BALQR credible intervals.
Hence, the analysis show strong support for the use of the proposed method to inference for quantile regression. 
Conclusion
In this paper, we propose Bayesian adaptive Lasso quantile regression for variable selection and estimation. This method extends Bayesian quantile regression with Lasso penalty by allowing different penalization parameters for different regression coefficients. Independent inverse gamma priors are put on the penalty parameters. A novel aspect of the Bayesian adaptive Lasso quantile regression is to treat the hyperparameters of the inverse gamma priors as unknowns and let the data estimate them along with other parameters. This procedure allows us to control the amount of shrinkage in the inverse gamma priors. We developed Bayesian hierarchical models for Bayesian adaptive Lasso quantile regression as well as introduced a Gibbs sampler for Bayesian adaptive Lasso quantile regression. This Gibbs sampler is based on a theoretic derivation of the skewed Laplace distribution as a scale mixture of normal distributions. The simulation studies and data analyses both show that the Bayesian adaptive Lasso quantile regression performs well and may be preferred over current existing Bayesian and non-Bayesian methods. The R-package "bayesQR" contains R function that implements the methodology proposed in this study. We hope that by making the code of our method available, we will lower the barrier for other researcher to use the Bayesian adaptive Lasso for quantile regression in their studies.
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